
Addendum to Jihwan 's Talk :

More on ObsE ' (M2)
Recall the Setting ,
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"

E
,
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In this talk
,
we will focus on the algebra of

observables on M2 brane
,

notation
: Obs
" ( M2)



Recall , In Jihwan's talk
,
we see that Obie ' (M2) is

the Coulomb branch algebra of 3d N=4 quite gauge

theory of
:-.!

,
with K gauge nodes

%
,
-

☐

Or equivalently ,

it's the Higgs branch

Y
'

ADHMQM
"

Obs" (M2 ) = Mti ( g¥, ) E. Y]-115=0
☒

Remark_ ④ After turning on Ez
,

it gives rise to a mass

deformation of Me ,
(⇒ FI parameter

in MH
,

IX. 4) + IT = E. Id

Ez
② ME

,

? is a quantization of My
④ It seems more convenient working with generators and relations

of ME,? if we want to compare it with Obs
'

' (Jd Cs )
,

so we work with Higgs branch instead of Gnbmb branch
.



QuantnnmomentmapoduantumttaniltonranReduc.tn#

Definition: Let
g

be lie alg.gg A be associative algy,
w

. / a g- action , i. e. § , y → Der (A)

A quantum moment
map for (A. g. d) is a lie

alg . homomorphism µ : y→ A St
.

[Mal . b) = ftp.bac-g.bc-A
'

[ actionlemma
-Definition : Suppose that (A.g. f) has

9. moment . nap µ ,

let J be left ideal of A generated by µ( g)
,

then J9=J NAS is a two- sided ideal of As

proof: let ✗ = Ebi plait c- g-
9

,

and y EAS
,

then X - y = -2 bvulail.y-Ibiy.rlait-bi-lplav.LY]
= -2

bi.y.rlail-i-2biflail.y-nyos.mu
y c- AS

E)
9

We call A /Ig :=A%9 the quantum Hamiltonian reduction
.



We can add FI parameters as following :

Let ✗ : g. → 6 be a character of g ,

then

define Jx be left ideal generated by Hela) -✗ (a) -1 }
then JL is 2. sided ideal of A9 , 1¥A
so define A /19 =A%; #

✗

¥a
In our situation

, A=¢9[ 1-* (End it) ☒ Hornick , #D)Fei
A is generated by symbols ✗É YI Ii

"

Jbs
with relations :

End (E) Hom (648) 4646964

[✗is Yi ]=E , Sisi , [Ii Jj ]=E ,
Sii g.

a

"
' "k '

gla
a. bglkother Commutators are zero

.

5- 91N :[✗ ,y]i : + X-D?

µ : tis ↳ Xikypi - Xksyik + Iia Jai F- term

Remartcm ,
The definition of QMM should be modified as

[plat . b) = Ei olla)
- b

µa=r-Eitr#tiinsrlt.rs ) - G. SE



Taking 9. Hamiltonian reduction
,

we get a Q[E , G)

algebra ¢9 [ME
N

,
K ]

There £
"

-1M¥, ] is flat over Q[E. G)

Sketohofpmof: Introduce filtration on A by
deg ✗ =dyY=degI=dyJ =L

deg E ,
= O dey E , -_ 0

Check that A is indeed filtered . µ / gdw) CIA

Claire grid ' -1M¥. ] I Q[Mink ] [E. %)
g-

Classical Ham
.

reduction

It remains to prove the claim
.
Note that

grid ' -1m¥, ]=grA%/grj9%
so the claim follows from the following :

Lenny : grj is generated by IX. y] + IF Jai
as left ideal . i. j c- { I . .

- -
-

,

N )



sketcho-pmy-le-F.is = :[✗ , y] ; ? + Ii Jai - Eas?
it's enough to show that

,

(A) If E. fii E FMA ,

then 7- I? c- Fmz A

s - t
. If;iEÉ = -25? EÉ .

The claim (A) is a consequence of { Eis) i.jeg ,

. . ;µy
is a regular sequence in grA

,

so we can

subtract leading terms of fii if they are not in

Fm.zA
,

details omitted
.

#
t.to

Corollary ICE ' [ME;] = µ¥i& ( Higgs branch alg . )

for some E
,

'

Ei

proof . We see that Q
"

-1M¥ ,] and M¥,
"
are filtered

quantization of conical symplectic singularity ME ,,
,

⇐0

By the characterization theorem of filtered quantization
( Ivan Loser )

,
¢
"

-1M¥, ] =MÉ " for appropriate

change of variables Ei Ei
#



t.org/VlinitofGE'-LME:#
This is subtle

,

since there is no embedding
EzME,i< ↳ Mµµk at classical level

.

(Although there exists 4¥
,

: Am
,
→ An)

There is no naive tin ¢9 [MEit iv. K ]

Way0ut_; Study
"

Universal- in - N
"

instead
.

See Costello 's paper on M2

Definition A sequence { fµEAµ ) is called admissible
t.me

of weight 0 if ① fµ is Gbu - invariant

③ 4¥
, /fan )= -1N

{ far } is called admissible of weight r if {N-rf.ly
is admissible of weight 0

. Example:{Nr}
{ far } is called admissible if it's a linear sum

of admissible sequences of various weight?



Remade :{ fµJ
,

{gig admissible ⇒ { fµ9µ } admissible
.

Definition :
Denote by GE

' [ME
•
,
K ] the algebra of

admissible sequences modulo the ideal of adm
. seq .

in Jµ

Lem ICE '[M!, ] is generated over Efe , E) by

Jai (✗my
")ii Ijb , Trfxmyn) .

8 ( central)

weight : 0 0 1

In fact , f = { NJ vs admissible of weight 1
.

theorem [ Costello] Specialize Ez to a nonzero number

and localize over ICKE , ))
,

there is an isomorphism.

film :< ) = Ue
,
( Dale)☒glk)Ki ']

PILS : A deformation of Univ
. enveloping alg . of LiealgebraicalE) ☒glk

↳ Diff . operators
on ¢

. ④"↳ w]=Ez)



K-ICasecoulo~bbra.nchpantofwew-txar.pk
: N=I : ④- tigugelpt) t

f f

monopole operators r, r⇒
, equivariant parameter t , E ,

relations
:

r
, r, = -1 r.ir, -_ t - E, [r, ,

-1]= Eir, [ri
,

-1]= -9k ,

For general N ,

Kodaira and Nakajima show that

It ? '

is isomorphic to spherical part of graded

grCherednik algebra eHµ e ,

where HI rs ELE, ET

algebra generated by S ,
,

.
.
. ,Sµ , ,

✗¥
'

,

Wi (it , " ;N)
w

./ relations ;

• [Wi to;] = [Xi Xj ]=0
( IL ) - - (N-l.lv)

• S
, ,

'
- ^

, San , generate ①[Sn] .

• siwi-wi-ysj-Ezsiwi-y-wv.si + Ez

Siwj = Wjsi otherwise

• SHE
'

= Xiii's SESN



• [ ✗j Wi ]= {
E- ✗Jsii if i >j

Eaxnisvj if icj

E. Xi - Ez -2 Xrsni -4¥.

Xi sik if i=j
kci

Here e- ¥! Fes
,
?

Kodaira and Nakajima show that ME is quotient of
Y,
" " ( gt, ) ( 1- shifted affine Yongsan of gl ,)

HiggsBranchPomtofUiew_

Definition. let A be the GEE , Ej alg . generated
dy=a+b

BY { + a.b) a.bez
,

w
./ relations

,

Fund ☒ Sk → ski as slump .

• [
¥0 Central

to.o.tn.mn ]=0.|[tno,tn,n]=mtn,mt,[tai.tnm]=ntmn_\
☒ tn.in" i. is spark

ftp.tn.i-2n-n.i.n#rep . of÷÷÷:÷÷÷÷:÷::÷:÷÷::T:÷. .Sh

4.o.tn
,
-1% }



• [t.o.to.nl-3ntz.n.it (3) to,n.]
+⇒ É(m+i) (n-2-imto.mto.n-3.in

M=O

Remade
. If we specialize to 9=4--0

,

then

A- q=q=o = U ( { tab / [ta.btc.ae/=lad-bdta+c.i.b+d-iu-m-D
Lie algebra of functions on w

with Poisson bracket {a. why -1

tn.ru ↳ znwm

[PBW
- type]

theorem of vs a free GEE ,
Ez] - module with basis

ta
, b ,

" - tanbn Such that Ca
, b.) E. . - e Can bn)

where "

E
" is a total order on 2% ✗ Zz ,

Propositions There exists ÉLEF '

,
G) - algebra homomorphism

Aki ]→ ¢4m!;] [si ]
km) -1mm ↳ 1- Symtrfxny

"

)
H E

,
( o ,

o )
to

. .
1-→ ¥ . 8



The proof rs by direct computation .

Consider subalgebra BCA generated by th.n-9.tn,
it's easy to see that B is free over ¢[E , E.) w ./ basis

ta
, b ,

" -
- t 'anbn (9 b.) E -

- - - E ( an bn )

And B/c, e.) B = Syi ( { trim }nmea:o)
Moreover the map Aki

' ]→ ICE'[µ!;] [si] sends B

to ¢9 [ME.
• is
]

theorems. The homomorphism B.→ ICE' EM .?;] is isomorphism

sketeh.fr#:CEi-LM.4 , ] is generated by
Symtrlxnym) and 8

,

5h6 Cuse F-term)

Jisynlxn-1%5-4=9 . symTr(✗
"

Ym)
Thus B → ICE'[M !;] vs surjective tin ,ni→STrknym)

thots 8

It remains to show injeetiurty .

We claim that

B/(E. a) → ¢
"
-1M !;]/(gon)

is injective .



Observatory : Both sides are graded and the map preserves

the grading . degtn.m-n-ml-SICXYYdegx-degy-degt.bgF- 1

deg 8=0

What is ÉM!, ] ? µ,=S"(E)
,

-

µ°

thus weight 0 admissible sequences is the subalgebra

of dim ¢[sN(d) ] generated by ¢1 eigenvectors .

⇐
5hr44m)

where ①
✗ @ ¢2 w ./ weights -1

,
-1

.

This is known as
"

Ring of MacMahon Symmetric Functions "

Denote it by S .

Therrien [ See
=

Multrsymmetrii Functions
"

J
.

Dalbec 19*99 ]

S = ① [M( a. b) / (a. b) c- 220×2%110.07]
where Mia .by 's image in ¢1s"(64] is

✗ iy.b-xiy.be .
. - . + ✗way,f

(Araby of power sum in 546 ) )
Pa -- Xia + xi-i.it/yi



It is easy
to see that 8 has no algebraic relations

with mca.bg
,

thus GEM!, ] = S [8 ]

On the othe hand
,

BYE , a.) = Sym/{ tn.in/ln.m)E2zox2zoYo.0 } ) [ too]
Immune

Has the same 10- weights with S

Therefore Bleus .)~→Q[M! , ]
The infectivity before modulo ( E, %) Vs deduced

from the above and the Leading Term Trick

Details omitted #

Corollary: The homomorphism Aki ']→ ICE '

-1M¥. ][sit] is isomorphism

N
. Guay .

Renard: compare our A with Etmgof 's deformed
double current algebra ( DDCA)

,

we see that they
are isomorphic ,

see Proposition 4.2.13 of 2005.13604
This confirms one of Kevin 's conjecture M the

case 1<=1
.



Gpmdnito-A-i.com
sider the map 0 : A→ A ☒A (( 2- " 3)

Olton ) =L☒ to.n-I.gl?)zn-mto.m01{ 0th , ) =L ☒ t.at -1%-01+20524+417 ! n

m,%
① Z
"" "

to.no/-o.mProposi-hon--LGaiotb-Rapiak]
0 extends to an algebra homomorphism .

In fact , 0 has more structures
,

to explain it , we

need some notations
:

Definition A Vertex Oporto Galgobm (Voc) is a

vector space U together vy linear
maps .

• µ product] ✗ (z ) : ✓→①☒ V) ((2--17)

• [ C. vacuum] C i ✓→ ①
'

- Dualrze all

ihgredients of VOA
"

satisfying axioms
:



① Left Connie
:

b- u c- U

@ ☒ Idu)Hz)V=V
② Gcreutron : b- UEV

(Idu ☒ c)✗CHU C- VEZJ and

t.IO ( Idu☒ c)✗G) U=v

③ Jacobi Identity :

Huet

zo→8(Ziz÷ ) ( Ido☒1×(2-2))h(Zi)
- Zi's /Z¥-) (-10×1×4.111×12)
=zi 817¥) (H2o)☒Idv)HH

where 819¥)= -2 (2)yn-mxmz-nrI.cz
and T : V ,

☒ V.→ V. ☒ V2 Swaps two components



Proposition consider linear map
C : A → ¢

sends 1 to 1 and tn.cn to 0
,

then

(A. 0
, c) is a VOC

.

Proof is by direct computation .


